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The algorithm of the search for the optimal parametric regression model in a model
set is described. The model set is a set of the superpositions of given smooth functions.
To estimate the probability of the parameters two-level Bayesian Inference technique was
used. To illustrate the approach a problem of modelling a pressure in a spray chamber of
a combustion engine is described.

1. Introduction

The model search is the iterative “generation-selection” algorithm. The model generation rules
and the target function (the model selection criterion) are defined. The series of the competitive
models are generated. Each model is a superposition of the elements of a given set of smooth
parametric functions. After the model generation each element of superpositions accept its
importance hyperparameter. The model parameters and the hyperparameters are tuned in
turn. The target function for each model is evaluated. The best generated models are chosen
to be modified. The hyperparameter values bring the information how to modify the models to
improve them.

The problem of the search for the optimal regression model has a long history, though it
remains one of the most actual problems in the field of the pattern recognition. A. G. Ivakhnenko
in 1968 created the Group Method of Data Handling, GMDH [1]. According to this method,
a model of the optimal complexity is searched in the series of the generated models. For
example, to generate the models as the polynomials, Fourier series and the others functional
superpositions were used. A. G. Ivakhnenko and his successors created many model generation
algorithms and suggested model quality estimation methods.

To generate models one must decide either each element of the model important or not.
C. Bishop suggested in [2] the Bayesian regression method. It based on the evaluation the
probability distribution function for the model parameters. To do that he introduced the
hyperparameters — parameters for probability distribution function of a model parameters.
For each element of the model one must to estimate the Gaussian probability distribution
function and make a decision either particular element of the regression model important or
not.

To modify the models LeCun suggested [3] an optimal brain damage method. To improve
a model one must prune the less important elements of the model in case if the approximation
quality does not fall significantly. When the elements of the model is pruned one could estimate
an impact of those elements to the target function.

*This project is supported by the GFBR, grant Ne(04-01-00401.
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The problem of the model comparison and selection was advanced after papers [4-6] by
D. MacKay. He suggests to use two-level Bayesian inference for model selection instead of an
information criterion, for example, Akaike Information Criterion. On the first level one computes
the probability distribution functions for the parameters of each model from a given set. On
the second level the model evidence is computed. According to this method the Occam rule is
the following: the probability of the complex model is less than the probability of the simple
model, if the values of the target function for these models are the same.

Let us pose the problem on the search of the optimal regression model as following. A
sample set {x1,...,xy|x € RM} of the independent variables and a set {91, ..., yn|y € R} of the
corresponding depended variables are given. Denote by D the data set {(x;,v;)}-

A set G ={g|g: R x ... x R — R} of the smooth parametric functions ¢ = g(b,-,, ..., ")
are given. The first variable of ¢ is the row vector of parameters b, the following are real-
valued variables considered as the independent variables. An arbitrary superposition specifies
a parametric repression model f = f(w,x). Let it includes no more than r functions g. It
depends on the independent variables x and on the parameter vector w. The vector w € RY

where : is the sign of the vector attachment. Denote by ® = {f;} the set of the superpositions,
which are inductively-generated by elements of the set G.

One must find the model f;; which brings the maximum to the probability
function p(w|D, «, 3, f;). This function will be defined later. It includes the model f; = fi(w,x)
and its additional parameters o and f3.

2. The regression model choice and target function

The general approach to the comparison of the non-linear models is the following. Consider
a set of competitive models fi, ..., far. Denote by P(f;) the prior probability of the model f;.
When the data D have come, the posterior probability P(f;|D) of the model could be defined
with the Bayes theorem,

P(fi)p(DIf)
S p(DI£)P(f;)
where P(D|f;) are predictions, which model can make about the data. It is called the evidence of

the model. The denominator of the fraction brings satisfaction to the condition Zf\il P(fi|D) =
1.

P(filD) =

The probabilities of the models f; and f, the given data, could be compared as

P(f|D) _ P(f)p(D]f1) (1)
P(f2|D) — P(f2)p(Dl|f2)’

The left part p(D|f1)/p(D|f2) is the ratio between the evidence of the models. The
ratio P(f1)/P(f2) is the prior preference between the models. If there is no reason to make

different prior probabilities, one could compare the models using p(D|f;). In the parameter
space the evidence p(D|f;) is

p(DIf) = / p(Dlw, f.)p(w| f,)dw.
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The posterior probability of the parameters w of the model f; given D equals

p(D|w, f)p(w|fi)
p(DIf:) ’

where p(w| f;) the prior probability of the parameters, p(D|w, f;) is the likelihood function of the
model parameters. Denominator p(D|f;) is needed to satisfy the condition [ p(w|D, f;)dw = 1.
It is specified by the integral [ p(w'|D, f;)p(w'| f;)dw’. Equations (2) and (1) are called the first
and the second level of the Bayesian inference.

Denote by v the random variable of the regression model y = f;(b,x) 4+ v with additive
gaussian noise of variation g, and of zero expectation. Then the likelihood function is

exp(—BEp(Dlw, f;))
Zp(B) ’

p(w[D, fi) = (2)

p(:g"xawaﬁa fz) ép(D‘Waﬁa f) =

where 3 = Uiz The denominator Zp(03) is specified by

Zn(8) = (%T) ' (3)

The weighed error function in the data space is

ﬁ N
BED=§Z filxn) = ). (4)

Introduce the regularisation parameter a.. It controls how well the the model fits the data.
The probability of the parameters given hyperparameter « is

exp(—aBw(w|f;))
Zw () ’

p(W‘Oé, fl) =

where a corresponds variance variance of parameters, o = o2 and the normalizing constant Zy,

) Zu(a) = (21) ‘) (5)

«

The requirements to small parameter values 7] suppose the gaussian posterior distribution
with zero-mean:

1
p(w) = 5 exp (g Iwl?).

Since the variables o and /3 are the parameters of distributions of the model parameters further
they will be called hyperparameters. Eliminate the normalizing constant Zy, since it does not
depend on the parameters w and evaluate the logarithm, then

(0%
aBw = 5wl (6)

This error function regularizes the parameters imposing a fine for the large values of the
parameters.
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For given values of the hyperparameters a and 3 the equation (2) for the given model f;

will be
p(D|w, B)p(w|a)
p(Dla, 5)
Rewrite the error function as S(w) = aFw + fEp, obtain
exp(—S(w|fi))
Zs(Oé, ﬁ) ’

p(w|D,a, 3) =

p(W|D70{,5, fz) =

where Zg is normalizing factor.

3. Model parameters evaluation

To evaluate the optimal values of the parameters w and hyperparameters «, 3 for the given
model f; one must integrate them. The posterior probability is

p(wlD) = [ [ stw.a.6iD)dads = [ [ pwla. 5 Dip(a. 5ID)dads: 8)

The computational complexity of such kind of integration is very large. However the
integral could be simplified if suitable values of the parameters will be assigned. The
approximation of the integral is based on the following. The posterior probability of
the hyperparameters p(a,|D) has a definite peak around most probably values of the
hyperparameters ™", fMF. This approximation is known as the Laplace approximation [8|.
Under such assumption the integral (8) is simplified to

p(w|D) =~ p(w|a™, 57, D) //p(oz,ﬁ\D)dadﬂ ~ p(w|a™M, M7 D).

One must find the values of the hyperparameters, which bring maximum to the posterior
probability of the parameters and then execute the others calculations include p(w|D) with
fixed values of the hyperparameters.

Tho specify the posterior probability p(w|a,3,D) one must approximate error
function S(w) with the second degree Taylor series:

1
S(w) ~ S(w') + §(W — W T A(w — W), 9)
In (9) there is no first degree term, since it is supposed that w™* defines the local minimum of
the error function:
0S(wMP)
it /A
8w5
for each value of £&. The matrix A is the Hessian matrix. It depends on the error function:
A= V2S(wW') = BV2Ep (W) + al.

Denote by H the first term of the right part of the equation, then A = H 4+ al.
Substitute the approximate value of S(w) into (7) and denote Aw = w — w™". Then

p(w|a, B, D) = } exp (—S(WMP) — 1AWTAAW) :
Zg 2
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Evaluate the constant Zg which is necessary for the Laplace approximation:

w
2

Zg = exp(—S(W™*))(27) T (det A) 2. (10)

To maximize the function p(D]«, 3) one has to vary the values of the hyperparameters «
and (. To do that one has to integrate the data distribution function over the parameter
space w:

p(Dla, B) = / p(DIw, o, B)p(wla, B)dw = / p(Dlw, o, B)p(wla)dw, (11)

where the second integral is fare because the model parameters does not depend on the noise.
To simplify the computations assume that p(«, 3) are distributed uniformly.
Using (4), (6), write (11) as

11
 Zp(B) Zp(a)

From (3), (5), (10) and the previous statement it comes

p(Dlev, B) /exp(—S(w)))dw.

1 N N
Inp(D|a, B) = —aEy, — BESY — 5 In|A| + % Ino + 5} Ing— 5 In (27). (12)

To optimize this statement with variable o, one has to evaluate the derivative

d d d 1
_ _ _ _ -1
T In|A| = o In <j|_|1 Aj + oz) = g In(A\; +a) = 2.5, =tr(A™). (13)

Jj=1

In this statement Ay, ..., Ay, are eigenvalues of the matrix H. Since the error function is not a
quadratic function of the parameters (unlikely the linear of RBF regression) it is impossible
to evaluate the optimal value of « directly. The Hessian matrix is not a constant, it depends
on the parameters w. Since we accept A = H + al for the vector w™” which depends on «,
then the eigenvalues of H indirectly depend on «. Thus the statement (13) does not involve
the parameters of the model.

Using this approximation the derivative (12) of « equals

w
1 1 w
| D =¥ — - —
np( |0475) w szl)\j+oz+2a

Set the last statement equal zero and transform it. So one has the statement for evaluation «

w
20 =W > (14)
j=1

(6%
— )\j—f—oz'

Denote the deduction of the right part as v then

W o
’Y:Z)\]‘f‘oé
J=1
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Those components A; for which @ < A; impacts v more than the components for which
0 <A <a. Thus v could be interpreted of the measure of the number of well-defined
parameters of the model.

To evaluate hyperparameter [ consider the optimization problem (12). Denote pu; the
eigenvalues of the matrix V2Ep. Since H = fV?Ep, then \; = fu; and

dr;
So,

—1n|A| dﬁzlnx +a) 5ZA e

Evaluate the derivative as in the previous case of «, one defines the optimal value 5 as

w
2BEN =N-Y - =N-—y. (15)

Further the optimal values of the hyperparameters « and [ evaluation and usage is described.

4. The algorithm of the search for the optimal model

The search for the optimal model is executed iteratively. Before it starts, the set of the measured
data D and the set GG of the basic functions g are given. The initial set of the competitive
models Fy = {f1,..., fulf € ®} are given. Each model f; in the set is a superposition of the
functions {gij};izl. The hyperparameter «;; corresponds the element g;; of the model f;. The
hyperparameter 3; corresponds to the model f;. The initial values of the hyperparameters are
predefined. After the algorithm starts the following sequence of steps is executed.

1. Evaluate the model parameters w;"". To do that the method of the scaled conjugate
gradients [9] minimizes the error function S;(w) for each model f;,i =1,..., M.

2. Using (14) and (15) evaluate the hyperparameters ;5™ and 3;*". The hyperparameter [3;
of the function f; is evaluated in the data space. It eqials

N —;
Ep(fi)

The hyperparameter «;; is evaluated in the parameter space for each function g;; in the
superposition f;. It equals

6new _
i =

Q" — W =
Yo BEw(by)
The evaluation of the parameters and the hyperparameters are repeated until the local minimum
of S;(w) will be found.

3. Generate the successor models f1, ..., f1, using the following rules. Repeat for each index 1.
Chose a function g;; with the minimal value of c;; in the model f;. Chose a random function g,
in the random model f;. Generate the successor f; by replacing g;; for gey.

4. Each model f] could be modified. The probability n of the modification is given. For each

model f; replace the function g;; with the minimal value of «;; by the random function from
the set G.
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Fig. 1. The source sample and the sample approximated with the model Ne 2

5. Join the successor and predecessor models in one set and select M best models according
to the error function S. These models will be used in the further iterations.

The algorithm stops either when the target function reach a given value or when the sequence
repeats a given number of times.

5. The numerical experiment

The proposed algorithm was used to solve the following application problem. The pressure in
the combusting camera of a diesel engine was measured during series of the pressure cycles. The
results of the measurement was represented as a sample set. The source date are represented
at the fig. 1 by the solid line. The dashed line shows the recovered data. The x-axis shows the
independent variable, the y-axis shows the dependent variable. The data contain 4000 samples.
To verify the obtained model 118 pressure curves were used.

Experts made the set G which were used to generate models. The functions from the set
are listed in the table 1. The set Fp of the initial models was also given by the experts.

Several thousands of the models were generated during the numerical experiment. Three
models were selected. They are shown in the table 2. The quality of the models were evaluated
with the error functions pq, po. The model complexity is the number of parameters in the
vector w. The values of the errors are obtained by the average for 118 pressure curves. The
error function p; is mean squared error




’ Ne | Function \ Description \ Parameters
Function of two variables, g(b, z1, )
1 | plus Y=+ 22 -
2 | times Y = T1X2 -
3 | divide y=x1/29 -
Function of one variable, g(b, x1)
4 | multiply | y=ax a
5 | add y=x+a a
2
6 | gaussian | y = Z)‘W exp (— (12;%) ) +a | \No,€a
7 | linear y=ax+b a,b
8 | parabolic | y = az?® + bx + ¢ a,b,c
9 | cubic y=ax3+bx>+cr+d a,b,c,d
. A
10 | logsig Y = TToploe—a) T ¢ Ao, & a

Table 1. The set G of the basic functions

91(92(93(94(g5(2), g6(2)), g7(x)), ), gs ().
+(9,+,-) are addition ane multiplication. They have the empty parameter vector as the

first variable. The functions gs,...,g; = h(b;,-), i = 1,...,3 are the gaussian function; and

gs = l(by,-) is the linear function. The function h =

Ai

The functions ¢,

Vora, XP T 502
vector b; = (\;, (i, 04, a;), and the function [ = (azx + b) has the parameter vector by = (a, b).
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The row “Description” of the table 2 shown the tree-like model structure. Let the
second model be an example. This model is the superposition of eight functions f, =

= x(@,-,:) and go,...., 94 =

(z—&)?

) have the parameters

Model 1 2 3
Error py 0.0034 0.0037 0.0035
Error ps 0.0421 0.0325 0.00338
Num. of parameters 16 16 16
Description e s
T h| kT ok TT
hhT| £ h T| &+ h
T T hFh L cx
Legend: h — gaussian, ¢ — cubic, 1 — linear,
+ — plus, X — times,+~ — divide

T able 2. Description of the selected models

The model f; could be represented as f(w,x) = l(by,z) ™" x (z + Z?Zl h(b;,z)) , where x =

x 1 w = by:by:bsiby. The full representation of the model is

DY (z = &)°
— -1 ’ S LV )
y = (ax +b) (x + ZZI \/ﬁaiexp ( 207 ) +a; |.

The model f, was used by experts for their applications: forecasting and analysis of the oxygen
concentration at the exhaust manifold of the diesel engine.

Conclusions

The universal regression models (for example the neural networks or the radial basis functions)
often have a big number of parameters and turn out overtrained. To construct simple and precise
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models the problem of the search of a parametric regression model in an inductive-generated
set was posed.

To choose a model of the optimal complexity from the set of the competitive models the
two-level Bayesian inference was used. Since the inference integrals are very complex to be
computed the approximation procedures were developed.

The algorithm for model generation and selection was suggested. It uses the hyperparameters
which correspond the elements of the models. These hyperparameters show the importance of
the elements. The algorithm iteratively creates successor models. The models are modified
according to the importance criterion and selected according to the target function. The
complexity of the models are restricted automatically during the model comparison.

The algorithm was tested on the problem of the pressure curve approximation. The pressure
was measures in the combusting camera of the diesel engine. The obtained optimal model is up
to the industry standards.
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