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APPROXIMATION OF QUASIPERIODIC SIGNAL
PHASE TRAJECTORY USING DIRECTIONAL
REGRESSION*
This paper solves the phase trajectory approximation problem. Quasiperiodic time series form
its trajectory in high dimensional space. The trajectory is represented in the spherical coordinate
system. To approximate the trajectory the authors use a directional regression technique. It finds
space of minimal dimension with the phase trajectory has no self-intersections. Its self-intersections
defined within the standard deviation of the reconstructed trajectory. The experiment was conducted
on two data sets: data of electricity consumption during the year and sensor data of the accelerometer
while walking and running.
Ключевые слова: time series, phase trajectory, directional regression, dimention of eigenspace,
trajectory matrix

1. Introduction This paper studies the quasiperiodic time series approximation problem. Examples
of such series are sensor data of the accelerometer while walking, the average temperature per day
during the year, data of electricity consumption [1, 2].
The phase trajectory of time series is described by its trajectory matrix or Hankel matrix. This
matrix is used to analyze and predict time series. For example, in the singular spectrum analysis
method (SSA), the forecast of time series is based on the singular value decomposition of the trajectory
matrix [3–5]. The rows of the trajectory matrix form trajectory space of the time series. Therefore
this matrix is used to study trajectory space properties. The Convergent Cross Mapping method
(CCM) [6, 7] uses the trajectory matrices of two time series to check if there is a Lipschitz mapping
between their phase trajectories [8].
The dimensionality of trajectory space may be excessive. This leads to instability of the forecasting
model and complicates a description of the time series. In this case, it is necessary to to reduce the
dimensionality or select features [9, 10]. Dimension reduction of the trajectory space is equivalent
to constructing the projection of the phase trajectory into some its subspace. In this paper, we
use directional regression to reduce dimensionality [11]. For a sample set {(x1 , y1 ), . . . , (xn , yn )} this
method extracts all the required information about desired subspace from the set of empirical directions
{xi − xj | i < j}
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and their first two conditional moments. The elements of the sample set are points in spherical
coordinates. The contour regression method uses a similar approach [12]. The paper [13] describes
a generalized method of directional regression, which uses generalized empirical directions

{xi − cxj | i < j, c > 0}

instead of (1). The advantages of the directional regression are high accuracy and computational
efficiency.
Let the time series s is given. Build a projection of its phase trajectory into some trajectory
subspace. We call the eigensubspace the trajectory subspace of minimal dimensionality for which some
approximating model constructs an adequate approximation of the series s.
The phase trajectory of a periodic time series is a bunch of lines. Each line describes a series for
one period. It is proposed to describe the trajectory with the diameter of this bunch and also with a
line approximating its expected value. We find the expected value of the bunch by averaging in-phase
segements of the trajectory. The bunch diameter is defined as its dispersion around the average value.
Thus, if the phase trajectory has no self intersections, then its expected value and diameter define the
torus in the trajectory space. The fig. 1 shows the time series, its phase trajectory, and its expected
value, highlighted by a dotted line.

Рис. 1. Time series and phase trajectory

For time series with a time-variable structure the problem of time series segementation arises [14,15].
We can use a torus representation of the phase trajectory to solve this problem. Let the expected
value of one phase trajectory statistically significantly extends beyond the torus of another phase
trajectory over the entire period. Then we conclude that these trajectories describe time series of
different structure or that eigensubspaces of two trajectories are significantly different.
In this paper, we solve the problem of finding the minimum necessary dimension of the phase
trajectory space to construct an adequate approximation of a series. The authors also investigate
self-intersections of the phase trajectory. The presence of self-intersections means that the series has
more than one fundamental period. This complicates the analysis of the series and the study of the
relationship between the series. If in some subspace there are no self-intersections, then the series, on
the contrary, has a simple structure.
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2. Representation of quasiperiodic signal in spherical coordinates Let s = [s1 , . . . , sN ]T
be given time series. Define its trajectory matrix as


s1
s2
. . . sn−1
sn
 s2
s3
...
sn
sn+1 


(2)
Hs =  .
..
..
..  ,
 ..
.
.
. 
sN −n+1 sN −n+2 . . . sN −1 sN
where n is its window length. The length is not less than some supposed period. Let st be a t-th row
of Hs . Write the matrix Hs as
 
s1
 .. 
(3)
Hs =  .  , st = [st , st+1 , . . . , st+n−1 ] , m = N − n + 1.
sm
Note that all vectors st belong to n-dimensional trajectory space Hs ⊆ Rn of the series s. Form its
phase trajectory x(t) ∈ Rn . Suppose that the dimensionality of trajectory space is excessive. This leads
to instability of forecasting models for the series s. Project the trajectory x(t)
xp (t) ∈ Rp , p 6 n,
to some trajectory subspace. Analysis of trajectory subspaces simplifies the structure of the phase
trajectory.
Approximate trajectory x(t) by its diameter and a scalar time function x∗ (t) to simplify the
description of the series s (fig. 1). Average values of x(t) on time segments [1, T ], [T + 1, 2T ], . . . ,
[(K − 1)T + 1, KT ] to find the mean trajectory value:
x∗ (t) =

K
1 X
x(t + kT ),
K

(4)

k=1

where T is a period, K is a number of whole periods in [1, N ]. Thus x∗ (t) is an expected value of the
phase trajectory:
x∗ (t) = Ex(t).
(5)
Diameter of the trajectory is defined as a standard deviation within a bunch of traces in the
trajectory:
v
u
T
K 
2
X
2 Xu
t1
Dx(t) =
x(t + kT ) − x∗ (t) .
T
K
t=1

k=1

As a result, the trajectory x(t) is described by its expected value Ex(t) and its diameter Dx(t).
Suppose, that dimensionality of trajectory x(t) is lower and structure of its forecasting model is
simpler in spherical coordinates. Construct a mapping of xp (t) from cartesian coordinates to spherical:
ϕ : xp (t) → zp (t) = [α1 (t), α2 (t), . . . αp−1 (t), r(t)]T .

(6)

Construct regression model f (·) to reconstruct the variable r by variables α = [α1 , . . . αp−1 ]T .
Directional regression reduces dimensionality of the space of the variables α by constructing a map
g : [α1 , α2 , . . . αp−1 ]T → [β1 , β2 , . . . βq−1 ]T ,
|
{z
}
|
{z
}
α

q 6 p,

(7)

β

such, that the variable r can be constructed using β:
f : β 7→ r̂,

(8)
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r̂ = f (ŵ, β1 , β2 , . . . βq−1 ),
ŵ = arg min (r − wT β)2
w

We study the dependence of the model complexity q (10) on the trajectory x(t). The model
complexity q is defined as a minimal complexity at which the model constructs an adequate approximation




x̂p (t) = ϕ−1 ẑp (t) = ϕ−1 [α, r̂(t)]T .
of the phase trajectory xp (t) according to the mean squared error
N
1 X
MSE(xp , x̂p ) =
||xp (t) − x̂p (t)||2 ,
N

(9)

t=1

min
q∈[1,...,p]

: MSE(xp , x̂p ) < θ.

(10)

The model complexity q defines dimensionality of eigensubspace of series s:
О п р е д е л е н и е 1. Consider all subspaces of trajectory space Hs of series s in which model (8)
constructs an adequate approximation x̂ according to (10). Subspace of minimal dimensionality is called
eigensubspace of the series s.
3. Directional regression In this section we describe the directional regression technique used
in mapping (7). Let
{(x1 , y1 ), . . . , (xn , yn )} be a random independent sample set from the set (X, y), where X ∈ R(p−1)×n , y ∈
Rn . Here a pair (x, y) denotes not Cartesian, but spherical coordinates (6). In the other words, a
pair (x, y) corresponds to a vector
zp (t) = [α1 (t), α2 (t), . . . αp−1 (t), r(t)]T
from (6). For any given dimensionality q 6 p directional regression constructs projection of X to some
space SqX ⊆ R(q−1)×n . This space is called central subspace.
Directional regression constructs central subspace using a set of empirical directions
{xi − xj | i < j} .
Standardize X:
Z = Σ−1/2 (X − µ),

µ = E [X] , Σ = cov(X).

Let (Z̃, ỹ) be a sample set from (Z, y), independent from {(z1 , y1 ), . . . , (z1 , yn )}. Denote
h
i
A(y, ỹ) = E (Z − Z̃)(Z − Z̃)T | y, ỹ ∈ Rn×n
In this equation each empirical direction (xi − xj ) is represented by (zi − z̃j )(zi − z̃j )T . Intuitively
the directions from Z − Z̃, which belong to SqZ are more dependent on y than the directions, which
belong to orthogonal complement of SqZ . Paper [11] shows, that eigenspace of the matrix
G = E [2Ip − A(y, ỹ)]2
is an estimator of central subspace SqX . Rewrite the matrix G as
h
i2
h
i
G = 2E E(ZZT |y) +2E2 E(Z|y)E(ZT |y) +
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h
i h
i
+2E E(ZT |y)E(Z|y) ·E E(Z|y)E(ZT |y) −2Ip .

5

Let Ωy be a set of values of y in sample {(z1 , y1 ), . . . , (z1 , yn )} and let {J1 , . . . , Jl } be a partition
of Ωy . The matrixes G and A are estimated as follows:

Ĝ =

 −1 X h
i2
l
2Ip − Â(Jk , Jk0 ) ,
2

where

k<l

P
Â(Jk , J ) =
k0

i<j

(Zi − Zj ) (Zi − Zj )T I (yi ∈ Jk , yj ∈ Jk0 )
P
.
i<j I (yi ∈ Jk , yj ∈ Jk0 )

Let λ1 > . . . > λp be the eigenvalues of Ĝ, and let v1 , . . . , vp be the eigenvectors of Ĝ. We estimate
space SqZ as a linear span of the first q eigenvectors of Ĝ. We then estimate space SqX as a linear span
of the vectors Σ−1/2 v1 , . . . , Σ−1/2 vq .
4. Phase trajectory self-intersection analysis Construct eigensubspace S for the series s
using directional regression. Check whether the projection of the phase trajectory into this subspace
has self-intersections. For this, we consider the expected value Ex(t) of the trajectory x∗ (t) and check
whether it has self-intersections within the diameter Dx(t). Thus, checking the self-intersections of the
projection of the phase trajectory delivers us the second, empirical definition of eigensubspace.
О п р е д е л е н и е 2. Let xp be a projection of the phase trajectory x into some trajectory subspace S ⊂
Rp . Call subspace S an eigensubspace if the expected value Exp of the trajectory does not have any selfintersections within the trajectory diameter Dxp .
If the above definition is satisfied, but the found subspace S1 is not the eigenspace S2 according to
the definition (10)
S1 6= S2 ,
then we increase the dimension of the found subspace S1 . And vice versa, if some subspace satisfying
the definition (10) is found, but the phase trajectory has self-intersections in this subspace, then we
increase the dimensionality of the found subspace.
5. Experiment In the experiment we study dimensionality of eigensubspace and check if phase
trajectories have self-intersections. In the other words, the experiment compares definitions 1 and 2
of the eigensubspace from sections 3 and 4 correspondingly. The experiment was carried out on two
data sets: sensor data of the accelerometer while walking s1 (t) and running s2 (t) [1] and the data of
electricity consumption during the year s3 (t) [2].
For each time series si , i ∈ [1, 3] build projection of its phase trajectory to the 3d space and
denote projection as xi . Find the expected value Exi for each trajectory xi . Built trajectories and
their expected values Fig. 2 shows found trajectories with the gray lines and their expected values
with the black dotted line.
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(a)

(b)

(c)

Рис. 2. Phase trajectory projections and its expected values: (a) accelerometer, walking, (b) accelerometer,
running, (c) energy consumption

Construct eigensubspace for each series according to (10). Go over its dimensionality q ∈ [1, 15]. For
each dimensionality q, apply directional regression and find the approximation error (9). The obtained
error values are shown in the fig. 3 for all three series.
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Рис. 3. Error value depending on the dimensionality of the trajectory space: (a) accelerometer, walking,
(b) accelerometer, running, (c) energy consumption

According to the definitions 1, for the series s1 dimensionality of the eigenspace equals 3, for the
series s2 is 6 and for the series s3 is 8. Phase trajectories of the s1 and s3 series have no self-intersections
in three-dimensional space. Therefore, according to the both definitions 1 and 2, dimensionality of the
eigenspaces of the s1 and s3 series equals q1 = 3 and q3 = 8 respectively. Phase trajectory of the s2
series stops having self-intersections in four-dimensional space. Therefore, q2 = 6.
Approximate phase trajectory for each time series using the model (8) found in the previous
paragraph. The initial and approximated phase trajectories are shown in fig. 4 with the gray and the
black dotted lines respectively.
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(a)

(b)

(c)

Рис. 4. Initial and approximated phase trajectories: (a) accelerometer, walking, (b) accelerometer, running,
(c) energy consumption

6. Conclusion This paper solved phase trajectory approximation problem for quasiperiodic time
series. For the studied time series their eigensubspaces were found. Directional regression was used
to reduce dimensionality of trajectory space. For this, firstly, a phase trajectory was represented in
spherical coordinates and then directional regression was applied. In the found subspace, the phase
trajectory was additionally checked for the presence of self-intersections.
The experiment was conducted for three time series: accelerometer sensor data during walking and
running, electricity consumption during the year. For each time series, its eigensubspace was found and
an approximation model of the corresponding dimensionality was constructed. The dimensionality of
the phase trajectory of walking is three and for running is six, which corresponds to the expectations
of experts.
The code for constructing the expected value of trajectories can be found at the link [16]. For
each time series used in the experiment its trajectory was projected into three-dimensional space. And
then the expected value of the trajectory was constructed. Directional regression method definition
is presented in [17]. It was used for determination of the eigensubspace dimensionality. The phase
trajectories were approximated according to the found dimensionality.
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