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Integral indicators play important role in decision making. To make a balanced decision one needs measured
data and expert estimations. The expert estimations may contradict the data. Below we investigate a method
of integral indicator construction. It uses rank-scaled expert estimations and resolves the possible contradiction
between the estimations and the data.

Introduction

To compare objects or alternative decisions one
must evaluate a value of quality or a measure of perfor-
mance for each object. This real-valued scalar is called
the integral indicator. Expert estimations of one ex-
pert or an expert group could be indicators [1, 2]. Also
data could be used to calculate indicators as a convo-
lution of object features [3, 4].

To construct an integral indicator one must per-
form the following steps. First, select a quality cri-
terium or a comparison criterium for objects. Collect
the set of comparable objects. Collect the set of fea-
tures to describe the objects. Then fulfill the “object-
feature” design matrix. We suppose the matrix has
no outliers and empty values. The features of the de-
sign matrix have a unified linear scale and do not have
significant cross-correlation coefficients [5, 6].

Let us state the problem of indicator construction.
The design matrix A = {aij}m,ni,j=1, A ∈ Rm×n is given.
An element aij of the matrix is j-th feature measure-
ment for i-th object.

The integral indicator of the object is the linear
combination

qi =

n∑

j=1

wjgj(aij), (1)

where gj is the normalizing function

gj : aij 7→ (−1)sj

aij −min
i
aij

max
i
aij −min

i
aij

+ sj . (2)

This function keeps the principle “the bigger the bet-
ter”. According to this principle an object with big-
ger value of some feature has the better indicator.
The modifier sj is assigned to one if the optimal value
of j-th feature must be minimal and to zero if the op-
timal value of the feature must be maximal. If the de-
nominator of (2) equals zero for some j, then j-th
feature must be withdrawn from the design matrix A.

If the condition (2) holds then the indicator
q = Aw, where the indicator q = 〈q1, . . . , qm〉T
and the vector of the weights w = 〈w1, . . . , wn〉T.
Let Rm∋ q be the space of objects and Rn ∋ w be
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the space of features. To construct the integral indi-
cator (1) we must find the weights of given features.

List some obvious methods that use the model (1)
and design matrix subject to (2).

1. The indicator qi is the distance from i-th object
to the object with the best features

qi =
1

m

(
n∑

j=1

(
aij − max

ξ=1,...,m
aξj

)r
)1

r

,

where the parameter r defines the distance function.
2. The indicator qPCA = Aw1PC is the projection

of the row vectors of the matrix A to the first prin-
cipal component [7, 8], where w1PC is the first row
of the matrix W defined by the singular values de-
composition ATA = WΛ2W T.

3. The indicator q1 = Aw0, is the linear com-
bination of the columns of the matrix A, where w0

are the linear-scaled expert estimations of weights.
The lower index 0 signals that the estimation was
given by the expert.

4. The indicator qESM = Aw1, where q0 are
the linear-scaled expert estimations of indicators and

w1 = arg min
w∈Rn

‖Aw − q0‖2.

The solution of this optimization problem is w1 =
= (ATA)−1ATq0. Denote by ‖ · ‖ the Euclidian norm.

Concordance of linear-scaled expert
estimations

Let the indicators q1 = Aw0 are obtained us-
ing the expert estimations of feature weights w0. Let
the feature weights w1 = A+q0 be obtained us-
ing the expert estimations of indicators q0. Obtain
the pseudo-inverse linear operator A+ using the sin-
gular values decomposition [9, 10] of the matrix A,

A+ = WΛU T.

The linear operator A maps the vector of expert esti-
mations of weights w0 to the vector q1. The pseudo-
inverse linear operator A+ maps the vector of the ex-
pert estimation of indicators q0 to the vector w1.
In the general case the estimated and the mapped vec-
tors are different: q1 6= q0 and w1 6= w0.
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Fig. 1. Concordant vectors wα ∈ [w1,w0] and qα ∈
∈ [q1,q0].

To resolve this contradiction we suggest to use
the concordant estimations, see Fig. 1:

wα ∈ [w0,w1] and qα ∈ [q1,q0]. (3)

The vectors wα,qα, given α, are defined by the equa-
tion

wα = αw0 + (1− α)A+q0;
qα = (1− α)q0 + αAw0.

(4)

This equation brings the concordant expert estima-
tions. They satisfy the condition (6). The structural
parameter α defines preference of the expert estima-
tions. When α→ 0 one prefers the expert estimations
of indicators. When α→ 1 one prefers the expert esti-
mations of weights. The structural parameter α could
be assigned by the expert himself or could be defied
as

α̂ = arg min
α∈[0,1]

‖w0 −wα‖
n

+
‖q0 − qα‖

m
. (5)

Withdrawn the condition (3) and find the con-
cordant estimations in the neighborhood of the vec-
tors w0,q0 (see Fig. 2). Solve the optimization prob-
lem (5) with the regularizaion parameter γ2. Rewrite
this problem as

wγ = arg min
w∈Rn

(ε2 − γ2δ2),

where ε2 = ‖w−w0‖2 and δ2 = ‖Aw−q0‖2. The con-
cordant expert estimations are defined by the eqsssu-
ation

wγ = (ATA+ γ2In)
−1(ATq0 + γ2w0)

and satisfy the condition (6). The parameter γ2 de-
fines preference of the expert estimations of indicators
versus expert estimations of weights like the parame-
ter α.

Fig. 2. The concordant vectors wγ and qγ are in the neigh-
borhood of the vectors w0 and q0.

Concordance for rank-scaled expert
estimations
We suppose hereby that an expert marks his es-

timations in the rank scales. As it was described
in the previous section, there are two types of in-
dicators: estimated q0 and calculated q1 = Aw0.
In the general case these indicators are different,
q0 6= q1. The goal is to make a concordant indicator,
which accounts data and rank-scaled expert estima-
tions as well.

We call a concordant pair a vector q of indicators
and a vector w of weights such that

q = Aw;
w = A+q,

(6)

where A+ is a linear map, pseudo-inverse for A:
AA+A = A, A+AA+ = A+ and (AA+)T = AA+

+, (A+A)T = A+A. The main problem we will
solve in this paper is to modify expert estimations
to hold (6).

So the expert estimations q0,w0 are given. Any
monotonic transformation could be applied to the el-
ements of the vectors. The design matrix A ∈ Rm×n

is given. It satisfies the condition (2).
Without loss of generality let us consider the fol-

lowing order relation:

q1 > · · · > qm > 0 and w1 > · · · > wn > 0. (7)

To hold this condition one must rearrange elements
of the vector q0 and corresponding columns of the ma-
trix A. Similar rearrangement must be performed
for elements of the vector w0 and corresponding rows
of the matrix A.

Rewrite the condition (7) as the following system
of linear inequalities (show indicators only)




1 −1 0 · · · 0 0
0 1 −1 · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · 1 −1
0 0 0 · · · 0 1







q1
q2
. . .
qm−1

qm




> 0.

Denote the bidiagonal matrix by J and rewrite (7) as

Jmq > 0 and Jnw > 0.

The number of rows in the square matrix J equals
the number of ineqiations in the system. The number
of columns in J equals the number of elements in q.

Denote by Q and by W the expert-given cones
for the objects and for the features respectively.

Q = {q |Jmq > 0};
W = {w |Jnw > 0}. (8)

Let the vectors q and w be elements of arbi-
trary cones Q and W. The linear operator A maps
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the cone W ∋ w0 of the expert estimations of fea-
tures (8) to the cone AW = P ∋ q1, see Fig. 3:

A :W → P;
A : w0 7→ q1.

Two variants of the mapping are possible.

1. The cones P and Q intersect; in this case
the expert estimations are concordant: there ex-
ists a pair qp ∈ P ∪ Q,wp = A+qp ∈ W, which
satisfies (6).

2. The intersection of P and Q is empty, the concor-
dance procedure is needed.

These variants are described in the following sections.

Fig. 3. The linear operator A maps the convex polyhedral
cone of feature estimations to the space of indicators.

Mapping and intersection
of convex polyhedral cones
Note some statements on the cone properties

to justify the algorithms described below. The set
of vectors Q in Rm is called a cone, if for any vec-
tor q ∈ Q the vector λq is also in Q. A convex polyhe-
dral cone is an intersection of the finite number of half-
spaces that have a point in common. This point is
called the top of the cone.

The convex polyhedral cone with the top in the ori-
gin of coordinates is a set of solutions of the system
of linear inequalities:





a11w1 + . . . + a1nwn > 0;
. . . . . . . . . . . .
am1w1 + . . . + amnwn > 0.

Thus the system of linear inequalities Jw > 0 defines
the convex polyhedral cone.

List the following statements about mapping and
intersection of convex polyhedral cones.

Statement 1. Let two convex polyhedral cones that

have the common top. The intersection of these cones

is the convex polyhedral cone. It is defined by the sys-

tem of linear homogenic inequalities with the matrix

A =

(
A1

A2

)
.

Statement 2. The set W of all vectors w =
= 〈w1, . . . , wn〉, which satisfy the condition w1 >
> w2 > . . . > wn > 0 is the cone.

Statement 3. The geometric locus defined

by the image of the map A :W → Q is the cone.

Thus, if the set W is the convex polyhedral cone,
then the linear operator A maps it to the con-
vex polyhedral cone P = AW. The corresponding
pseudo-inverse linear operator A+ maps the cone W
to the cone A+W.

Statement 4. If the cones are defined in the space

of indicators by the systems of linear inequalities

B1q > 0 and B2q > 0 intersect, their preimages

in the feature space intersect, too.

In the context of the investigated problem,
if the convex polyhedral cones {q|Jmq > 0}
and {w|AJnw > 0} intersect in the space of in-
dicators, then their preimages in the feature space
{q : A+Jmq > 0} and {Jnw > 0} intersect, too. De-
note by Wp = W ∪ A+Q and Qp = Q ∪ AW the in-
tersections, mentioned above.

Statement 5. If the cone Qp 6= ∅ then Wp 6= ∅;

otherwise both cones are empty.

This statement is equivalent to the following.
For each vector wp ∈ Wp there exists some concordant
vector qp ∈ Qp such that the condition (6) holds.

To find the intersection Qp describe the corre-
sponding sets with the system of linear inequalities.
The set Qp ∋ qp is the solution of the system of linear
inequalities {

Jmq0 > 0;
AJnw0 > 0.

(9)

The solution Qp is the cone; it could be trivial.

The cones does not intersect:
the concordance is needed

If the cones Qp = Q ∩ AW = ∅ and Wp =
= W ∩ A+Q = ∅, then we will use a modified
α-concordance procedure. Consider two rays, defined
by the vectors q ∈ Q and p ∈ P = AW. Find the near-
est rays in the edges or the faces of the cones Q,P as

cos(q,p) =
qTp

‖q‖‖p‖ → max .

Then apply the procedure (4) to the result vectors q̂
and p̂. To find these vectors one must solve the fol-
lowing optimization problem:

maximize qTp
subject to qTq = 1, pTp = 1,

Jnq > 0, AJmp > 0.

Describe an algorithm to find the vectors q(2k)

and p(2k+1) on the even and odd step of its itera-
tions. The vectors x = q(2k) and y = p(2k+1) will
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be the solutions of two sequentially-solved optimiza-
tion problems. Let the arbitrary vector p(0) ∈ P on
the step k = 0.

Problem 2k : Problem 2k + 1 :

maximize xTp(2k) maximize qT (2k+1)y
subject to xTx = 1, subject to yTy = 1,

Jnx > 0. AJmy > 0.

For each step of the algorithm the constants p(2k)

and q(2k+1) equal the corresponding solutions x and y
of the previous step. Since the maximizing functions
and the constrains of both problems are convex, then
the solution will be found in the finite number of steps.
We recommend to use in the practice the following
convex optimization methods [11, 12].

Obtain the solution of the optimization problem,
vectors p̂, q̂ and execute the α-concordance procedure

qα = (1− α)p̂ + αq̂,

if there exists a nontrivial solution qα, that is
p̂Tq̂ 6= −1. The vector qα and the vector wα =
= A+qα satisfy the condition (6). These vectors define
the cones W and Q in the corresponding spaces and
the intersectionWp = AW∩Q is not empty. As for α-
concordance procedure, when α→ 0 we prefer expert
estimations of objects. When α → 1 we prefer expert
estimations of features.

The next section shows a way to obtain linear-
scaled indicators using rank-scaled expert estimations.

The cones intersect: disturb the design
matrix to get robust indicators
Consider the obtained intersection cone Qp and

the design matrix A. Disturb elements of the ma-
trix A = A + ∆. The normal distribution hypothesis
is ∆ = δI, δ ∼ N (0, σ2). The image of the linear
map q = (A + ∆)w will have also the normal distri-
bution. According to this hypothesis, take the indica-
tor qp as robust to a small disturbance of the matrix A
when it has the maximal distance to the all faces of
the cone Qp subject to ‖qp‖ = 1. We call the Cheby-
shev point the vector qp in the center of the inscribed
sphere of the cone Qp.

To obtain the maximal distance from the desired
vector qp to a nearest face s of the cone solve the op-
timization problem

q̂p = arg max
qp∈Qp

{
‖qp − s‖2,where

s ∈ Rm \ Qp and ‖qp‖ 6 1
}
.

Take in account the system of linear inequalities (9),
which define the cone Qp. Denote by sℓ the normal
vector corresponding to the line number ℓ of this sys-
tem. The dot product xTsℓ = 0 defines a plane passing
through the origin of coordinates in the space of indi-
cators. The distance d from the vector qp to this plane

equals

d(qp, sℓ) =
qT

psℓ

‖sℓ‖
.

This is the convex optimization problem

maximize inf
ℓ=1,...,L

(
xTsℓ‖sℓ‖−1

)

subject to xTx = 1,
Jnx > 0,
AJmx > 0.

See geometry of the convex optimization methods
in [11, 13]. The solution of the problem is the robust
vector x̂ = q̂p. Also calculate the vector of the weights
as wp = A+q̂p. These two vectors makes the concor-
dant pair (6).

Thus, the linear-scaled indicator q̂p is obtained us-
ing the rank-scaled expert estimations.
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